From Eichler's results on traces of Hecke operators and making essential use of the theory of Atkin-Lehner on newforms, we derive in a simple manner an equality between the traces of Hecke operators acting on different spaces of cusp forms. r
Introduction
The aim of this paper is to show in an elementary manner that the traces of Hecke operators acting on the space of cusp forms of weight two with respect to certain groups of units of norm 1 belonging to an Eichler order in an indefinite rational quaternion algebra coincide with the traces of Hecke operators acting on suitable subspaces of cusp forms of weight two with respect to some congruence subgroups of the modular group. This leads us to introduce formally the space of Dnewforms. To this end, we rely on both the Atkin-Lehner theory of old and newforms and Eichler's finest results in the evaluation of traces of Hecke operators; and, of course, on Shimura's excellent exposition in everything concerning Hecke operators acting on spaces of cusp forms with respect to fuchsian groups of the first kind.
D-newforms
We first recall that if f ðtÞ belongs to the C-vector space S 2 ðG 0 ðNÞÞ of holomorphic cusp forms of weight two with respect to the congruence group G 0 ðNÞ; and P nX1 a n q n ; where q ¼ e 2pit ; stands for its Fourier series expansion, then the operator B d (see [1] ) is defined over S 2 ðG 0 ðNÞÞ by means of the formula
In what follows N will stand for a positive integer greater than 1 and DX1 for a divisor of N; so that N ¼ DM; for a certain integer M: With the above notations we give the following: [1] . The case D ¼ pq appearing in [6] is easily seen to be covered by our definition.
In order to evaluate the traces of the Hecke operators TðcÞ; c prime and c[N; let us first recall that both old and newforms are eigenvectors of the TðcÞ (by the AtkinLehner theory) and as the TðcÞ commute with the B d the spaces As the theory of Atkin-Lehner directly implies that
we have
where s 0 ðnÞ stands for the number of positive divisors of n: By applying the inversion formulae concerning Dirichlet's convolution product, we obtain and, as usual m stands for the Mo¨bius function.
In the particular case where N is square-free, the preceding formula may be simplified to
where nðNÞ stands for the number of prime factors of N: By definition of the space of D-newforms, if N ¼ DM; with D and M coprime, we can similarly write
which immediately yields
But as before this sum can easily be turned into another one involving just the divisors of D:
In the special case where DM is square-free, we may rewrite the above equality as As M is fixed, the Dirichlet's convolution inversion formulae can again be applied and we get the result stated. Now we turn our attention to the traces of Hecke operators. Even though there exist formulae for F ðnÞ for general n (cf. [4] ), for the sake of brevity in what follows we shall assume n square-free, and will make use of Eichler's trace formula (cf. [2] ) stating that for each square-free integer nX1; we have
where the first sum runs over those integers t such that t 2 À 4c is a negative discriminant D; which, as usual, may be written in the form D ¼ D 0 s 2 with D 0 a fundamental discriminant and the second sum runs over the positive divisors of s: Moreover, p denotes a prime number, hðDr À2 Þ the class number of primitive binary quadratic forms of discriminant Dr À2 ; wðDr À2 Þ the order of the isotropy group of these binary forms and
where p denotes the Legendre symbol (in the extended sense). Now, we can state the following. where Sðc; D; MÞ stands for
Proof. In the present situation, writing D ¼ p 1 yp s ; with p i a prime number for 1pips; the above lemma reads
Taking into account the expressions given for F ðnÞ in Eichler's trace formulae we observe that the summands c þ 1 occurring in them add up to ðÀ1Þ s ðc þ 1Þ; the sum of the powers 2 nðNÞ vanishes and finally, for each t; after factoring out
; there remains the following sum:
From this the theorem follows. Remark 1.7. Taking into account the isogeny theorem of Faltings, the EichlerShimura relations and the preceding corollary one gets a simplified entailment of the fact that the jacobian of the Shimura curve associated with the fuchsian group GðD; MÞ is Q-isogenous (cf. [5] ) to the D-new quotient of the jacobian J 0 ðDMÞ of the modular curve X 0 ðDMÞ; which is obtained by dividing J 0 ðDMÞ by an abelian subvariety isogenous to the product
